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Abstract
We prove that exp(H2(G,Z)) | p exp(G) for p (odd prime p) groups of class
7 and for p groups of class at most p + 1 with exp(Z(G)) = p. We prove
Schurs conjecture if exp(G/Z(G)) = n, where n = 2, 3, 6. We also prove
Schurs conjecture if G is a group with an abelian normal subgroup of index
p. Furthermore we prove that if G is a solvable group of derived length 3
and exp(G) = p, then exp(H2(G,Z)) | (exp(G))
2.
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1. Introduction
Schur’s exponent conjecture states that exp(H2(G,Z)) | exp(G). In [3],
the authors found a counterexample to this conjecture. Their counterexample
involved a 2-group of order 268 with exp(G) = 4 and exp(H2(G,Z) = 8.
In [8], the author mentions another counterexample to Schur’s conjecture.
His counterexample involves a 2-group of order 211 with exp(G) = 4 and
exp(H2(G,Z) = 8. The authors of [2] conjecture that,
if G is a finite p-group, then exp(H2(G,Z)) | p exp(G). (1)
The counterexamples given by the authors of [3] and [8] for Schurs conjecture
satisfy (1). In this paper, we verify the veracity of (1) for all odd order groups
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of nilpotency class 7 and we also prove Schurs conjecture for certain classes
of groups. If (1) is true, then using a standard argument given in Theorem
4, Chapter IX of [13], it will follow that exp(H2(G,Z)) | (exp(G))
2 for any
finite group G. It should be pointed out that in [10], the author conjectures
that exp(H2(G,Z)) | (exp(G))
2 for any finite group G.
One of the tools used in the proof of our main result is a construction in-
troduced by R. Brown and J.-L. Loday in [4] and [5], called the nonabelian
tensor product G ⊗H . The nonabelian tensor product of groups is defined
for a pair of groups that act on each other provided the actions satisfy the
compatibility conditions of Definition (1.1) below. Note that we write con-
jugation on the left, so gg′ = gg′g−1 for g, g′ ∈ G and gg′ · g′−1 = [g, g′] is the
commutator of g and g′.
Definition 1.1. Let G and H be groups that act on themselves by conjuga-
tion and each of which acts on the other. The mutual actions are said to be
compatible if
(hg)h1 = (
h(g(h
−1
h1))) and
(gh)g1 = (
g(h(g
−1
g1))) for all g, g1 ∈ G, h, h1 ∈ H.
(2)
Definition 1.2. If G and H are groups that act compatibly on each other,
then the nonabelian tensor product G⊗H is the group generated by the
symbols g ⊗ h for g ∈ G and h ∈ H with relations
gg′ ⊗ h = (gg′ ⊗ gh)(g ⊗ h), (3)
g ⊗ hh′ = (g ⊗ h)(hg ⊗ hh′), (4)
for all g, g′ ∈ G and h, h′ ∈ H .
The nonabelian tensor square, G ⊗ G, of a group G is a special case of
the nonabelian tensor product of a pair of groups G and H , where G = H ,
and all actions are given by conjugation. There exists a homomorphism
κ : G ⊗ G → G′ sending g ⊗ h to [g, h]. Let ∇(G) denote the subgroup of
G⊗G generated by the elements x⊗ x for x ∈ G. The exterior square of G
is defined as G∧G = (G⊗G)/∇(G) and denote the induced homomorphism
again by κ : G∧G→ G′. Let M(G) := ker(G∧G→ G′). It has been shown
in [7] that M(G) ∼= H2(G,Z), the second homology group of G with integral
coefficients.
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2. Preparatory Results
Commutator formulae that are often used are compiled together into two
Lemmata in order to make it easy for future reference.
Note that all the commutators are considered to be right normed and
[g, h] = ghg−1h−1.
Lemma 2.1. For g, g1, h, h1 ∈ G, we have
(i)
[gg1, h] =
g[g1, h][g, h]. (5)
(ii)
[g, hh1] = [g, h]
h[g, h1]. (6)
(iii)
gh = [g, h]hg. (7)
Since we are interested in computing the exponent of the Schur Multiplier,
the following lemma which throws light on the exponent of a simple exterior
when the elements involved commute, will often be recalled. Moreover, for a
group G with center Z(G), it helps in delimiting the exponent of Z(G) ∧ G
to the exponent of Z(G). The proof follows easily via induction on n.
Lemma 2.2. Let G be a group. Then for g, h ∈ G and n ∈ Z, we have
(gn ⊗ h) = (g ⊗ h)n = (g ⊗ h)n
if g and h commutes.
Before we state the next result, let us define what we mean by weight of
a non-identity element in a nilpotent group G.
Definition 2.3. An element g ∈ G\{1} is said to have weight n if g ∈ γn(G)
and g /∈ γn+1(G). It is denoted by w(g).
In [12], Rocco studies a group γ(G) related to the nonabelian tensor
square. Let G and Gφ be isomorphic groups through an isomorphism φ :
g 7→ gφ, for all g ∈ G. Then γ(G) is defined as follows:
γ(G) := < G,Gφ|[g1, g
φ
2 ]
g3 = [gg31 , (g
g3
2 )
φ] = [g1, g
φ
2 ]
g
φ
3 , ∀g1, g2, g3 ∈ G > .
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(Note that here for g, h ∈ G, gh = h−1gh and [g, h] = g−1gh.) Furthermore,
Rocco gives an isomorphism between the nonabelian tensor square of G and
the subgroup [G,Gφ] of γ(G). We use this isomorphism in the following
lemma where we show that certain tensors in the exterior square, based on
their weight and class of the group, are in-fact trivial. This is usually not
easily determined and will be used frequently in later calculations.
Lemma 2.4. Let G be a group of class m. Then the following hold for
a, b, c, d ∈ G:
(i) (g ⊗ h) = 1, when w(g) + w(h) ≥ m+ 2.
(ii) [g1 ⊗ h1, g2 ⊗ h2] = 1, when w(g1) + w(g2) + w(h1) + w(h2) ≥ m+ 2.
Proof. (i) Consider the isomorphism ψ : G ⊗ G → [G,Gφ] defined by
ψ(g ⊗ h) = [g, hφ], where Gφ is an isomorphic copy of G. Note that,
w(g) + w(h) ≥ m + 2 gives w(g) + w(hφ) ≥ m + 2. Hence [g, hφ] ∈
γm+2(η(G)) = 1, which yields g ⊗ h = 1.
(ii) Again consider the map ψ as in (i). Since w(g1) + w(h1) + w(g2) +
w(h2) ≥ m+ 2, w(g1) + w(h
φ
1) + w(g2) + w(h
φ
2) ≥ m+ 2. Hence
ψ([g1 ⊗ h1, g2 ⊗ h2]) = [[g1, h
φ
1 ], [g2, h
φ
2 ]] ∈ γm+2(η(G)) = 1.
Therefore [g1 ⊗ h1, g2 ⊗ h2] = 1, giving us the required result.
The following lemma gives a commutator formula for a product of two
elements in a group of nilpotency class 5, and can be found in [2] and also
obtained from [10].
Lemma 2.5. Let G be a group of nilpotency class 5, a, b ∈ G. Then for all
n ∈ N,
(ab)n =[[b, a], a, b, a]6(
n
3
)+18(n
4
)+12(n
5
)[[b, a], b, b, a](
n
3
)+7(n
4
)+6(n
5
)
[a, a, a, b, a]3(
n
4
)+4(n
5
)[a, a, b, b, a](
n
3)+6(
n
4
)+6(n
5
)[a, b, b, b, a]3(
n
4
)+4(n
5
)
[b, b, b, b, a](
n
5
)[a, a, b, a]2(
n
3
)+3(n
4
)[a, b, b, a]2(
n
3
)+3(n
4
)
[b, b, b, a](
n
4
)[a, b, a](
n
2
)+2(n
3
)[b, b, a](
n
3
)[b, a](
n
2
)anbn.
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We can derive the following identities for a group of nilpotency class 8
using induction on n.
Lemma 2.6. Let G be a group of nilpotency class 8. Then for g, h ∈ G, we
have
(i)
gn [g, h] =[[g, g, h], [g, g, g, g, h]](
n
4
)[[g, g, h], [g, g, g, h]](
n
3
)
[g, g, g, g, g, g, g, h](
n
6
)[g, g, g, g, g, g, h](
n
5
)[g, g, g, g, g, h](
n
4
)
[g, g, g, g, h](
n
3
)[g, g, g, h](
n
2
)[g, g, h]n[g, h].
(ii)
[gn, h] =[[g, h], [g, h], [g, g, g, h]](
n
5)[[g, g, h], [g, h], [g, g, h]]2(
n
3
)+9(n
4
)+7(n
5
)
[[g, h], [g, h], [g, g, h]](
n
4
)[[g, h], [g, g, g, g, g, h]](
n
6
)
[[g, g, h], [g, g, g, g, h]]5(
n
5
)+5(n
6
)[[g, h], [g, g, g, g, h]](
n
5
)
[[g, g, h], [g, g, g, h]]4(
n
4
)+4(n
5
)[[g, h], [g, g, g, h]](
n
4)[[g, h], [g, g, h]](
n
3)
[g, g, g, g, g, g, g, h](
n
7
)[g, g, g, g, g, g, h](
n
6
)[g, g, g, g, g, h](
n
5
)
[g, g, g, g, h](
n
4
)[g, g, g, h](
n
3
)[g, g, h](
n
2
)[g, h]n.
Proof. (ii) is obtained by applying (5) to [gn−1g, h] and then using (i) for
gn−1 [g, h] and the induction hypothesis for [gn−1, h]. The similar terms, start-
ing from [g, h], then [g, g, h] and later the other terms, are collected using (7)
to obtain the above identity.
3. 3-groups of nilpotency class 7
We have the following theorem in [2], which gives a bound for the expo-
nent of certain commutators in a 3-group of class 6.
Theorem 3.1. Let G be a 3-group of class 6, a, b ∈ G and c ∈ γ2(G).
(i) If a3
n
∈ Z(G), then [b, a3]3
n−1
= 1.
(ii) If a3
n
∈ Z(G) and c3
n−1
= 1, then ([b, a3]c)3
n−1
= 1.
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Remark 1. Note that from the above theorem we also have, for a, b, b1 ∈ G
such that a3
n
∈ Z(G),
[[a3, b], b1]
3n−1 = [a3 ba−3, b1]
3n−1 = {a
3
[ ba−3, b1][a
3, b1]}
3n−1 = 1.
Using the above theorem yields a bound for certain commutators in a
3-group of class 8.
Lemma 3.2. Let G be a 3-group of class 8. For g, h ∈ G and c ∈ γ2(G)∩G
3
(i) If g3
n
∈ Z(G), then [g3, h]3
n
= 1.
(ii) If g3
n
∈ Z(G) and c3
n
= 1, then [c, [g3, h]]3
n
= 1.
(iii) If a3
n
∈ Z(G) and w(c) ≥ 3, then [c, a3]3
n−1
= 1.
(iv) If g3
n
∈ Z(G) and c3
n
= 1, then ([g3, h]c)3
n
= 1.
Proof. (i) Set m := 3n. Applying Lemma (2.6) on [(g3)3
n
, g3, h], we have
1 = [(g3)3
n
, g3, h]
= [[g3, g3, h], [g3, g3, g3, g3, h]](
m
4
)[[g3, g3, h], [g3, g3, g3, h]](
m
3
)
[g3, g3, g3, g3, g3, g3, g3, h](
m
6
)[g3, g3, g3, g3, g3, g3, h](
m
5
)
[g3, g3, g3, g3, g3, h](
m
4 )[g3, g3, g3, g3, h](
m
3 )
[g3, g3, g3, h](
m
2
)[g3, g3, h]m
Note that 3n−1 is a divisor of the powers corresponding to each term,
and hence every term except for [g3, g3, h]m vanishes by applying The-
orem (3.1) and Remark (1). Hence, we have [g3, g3, h]3
n
= 1. Further
use Lemma (2.6) on [(g3)3
n
, h] as before. Again, observe that 3n−1 is a
divisor of the powers corresponding to each term and [g3, g3, h]3
n
= 1.
Moreover, every other term except for [g3, h]m vanishes on applying
Theorem (3.1) and Remark (1). Hence, we have [g3, h]3
n
= 1.
(ii) We have [g3, h] = g3a3, where a = hg. Now, [c, [g3, h]] = [c, g3] g
3
[c, a3].
Thus by applying Lemma (2.5), we have [c, [g3, h]]3
n
= {[c, g3] g
3
[c, a3]}3
n
=
[g
3
[c, a3], [c, g3]](
m
2 )[c, g3]m g
3
[c, a3]m. Using (i), we obtain [c, [g3, h]]3
n
=
[g
3
[c, a3], [c, g3]](
m
2
). Since, m is a divisor of
(
m
2
)
and [c, g3]m = 1, apply-
ing Lemma 2.10(iv) of [2] yields [c, [g3, h]]3
n
= 1.
6
(iii) Consider the subgroup H generated by the set {c, a}. Then H is a
group of class at most 6. Now [c, a3]3
n−1
= 1, by Theorem (3.1) (i).
(iv) Using Lemma (2.5) on ([g3, h]c)3
n
yields
([g3, h]c)m =[[g3, h], [g3, h], c, [g3, h]]2(
m
3
)+3(m
4
)[[g3, h], c, c, [g3, h]]2(
m
3
)+3(m
4
)
[c, c, c, [g3, h]](
m
4
)[[g3, h], c, [g3, h]](
m
2
)+2(m
3
)
[c, c, [g3, h]](
m
3 )[c, [g3, h]](
m
2 )[g3, h]mcm.
Note that 3n−1 is a divisor of all the powers and 3n is a divisor of
(
m
2
)
.
Thus from (ii), [c, [g3, h]](
m
2
) = 1. Now for b ∈ γ4(G), [c, b] = [b, c]
−1.
Since, c ∈ G3, we have c =
∏k
i=1 a
3
i , for some ai ∈ G. Further, since
w(b) ≥ 4, (iii) yields [b, c]3
n−1
=
∏k
i=1
∏i−1
1
a3i [b, a3i ]
3n−1 = 1. Hence,
[c, b]3
n−1
= 1. Therefore, every term other than [g3, h]mcm becomes
trivial. Moreover, [g3, h]mcm vanishes by (i) and hence the proof.
The above Lemma can now be used to obtain a bound for the exponent
of the exterior square for a 3-group.
Theorem 3.3. Let G be a 3-group of class less than or equal to 7 and expo-
nent 3n. Then exp(G ∧G) | 3 exp(G).
Proof. The proof proceeds by induction on n. When exp(G) = 3, exp(G∧G) |
3 by Proposition 7(iii) of [8]. Now consider the following exact sequence,
G3 ∧G→ G ∧G→ G/G3 ∧G/G3 → 1,
which yields exp(G∧G) | exp(im(G3∧G)) exp(G/G3∧G/G3). We have the
isomorphism ψ : G⊗G→ [G,Gφ], defined by ψ(g⊗h) = [g, hφ], where Gφ is
an isomorphic copy of G. As mentioned earlier, [G,Gφ] is a subgroup of γ(G),
a group of class at most 8 (cf: [12]). Now for g, h, gi, hi ∈ G, i ∈ {1, 2}, using
Lemma (3.2), we obtain [g3, hφ]3
n
= 1 and ([g31, h
φ
1 ][g
3
2, h
φ
2 ])
3n = 1. Therefore,
(g3 ∧ h)3
n
= 1 and ((g31 ∧ h1)(g
3
2 ∧ h2))
3n = 1. Thus, we have exp(G3 ∧ G) |
3n. Furthermore, exp(G/G3) being equal to 3, exp(G/G3 ∧ G/G3) | 3 by
Proposition 7 of [8]. Hence exp(G ∧G) | 3n+1.
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4. 5-groups of nilpotency class at most 7
We obtain the same bound for the exponent of the exterior square of
5-groups as we did for 3-groups in the previous section.
Even though part (vi) in the following Lemma implies most of the pre-
ceding statements, they have been stated as such to facilitate the proof of
(vi)
Lemma 4.1. Let G be a 5-group of class 8. For g, a ∈ G , we have
(i) If g5
n
= 1 and w(a) ≥ 6, then [g5, a]5
n−1
= 1.
(ii) If g5
n
= 1 and w(a) ≥ 5, then [g5, a]5
n−1
= 1.
(iii) If g5
n
= 1 and w(a) ≥ 4, then [g5, a]5
n−1
= 1.
(iv) If g5
n
= 1 and w(a) ≥ 3, then [g5, a]5
n−1
= 1.
(v) If g5
n
= 1 and w(a) ≥ 3, then [g5, g5, a]5
n−2
= 1.
(vi) If g5
n
= 1 and w(a) ≥ 2, then [g5, a]5
n−1
= 1.
(vii) If g5
n
= 1, then [g5, g5, a]5
n−2
= 1.
Proof. (i) Since e(g5) = 5n−1, we have [g5, a]5
n−1
= 1 by applying Lemma
2.10(iii).
(ii) Using Lemma (2.6) for [(g5)5
n−1
, a] yields
1 = [g5
n
, a] = [g5, g5, g5, a](
5
n−1
3 )[g5, g5, a](
5
n−1
2 )[g5, a]5
n−1
.
Note that 5n−1 is a divisor of all the powers in the above expres-
sion. Hence, every term except [g5, a]5
n−1
vanishes by (i). Therefore,
[g5, a]5
n−1
= 1.
(iii) Further applying Lemma (2.6), as in (ii), gives
1 = [g5
n
, a] = [g5, g5, g5, g5, a](
5
n−1
4
)[g5, g5, g5, a](
5
n−1
3
)[g5, g5, a](
5
n−1
2
)[g5, a]5
n−1
.
Note that every term except [g5, a]5
n−1
vanishes by (ii). Thus, [g5, a]5
n−1
=
1.
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(iv) Again, applying Lemma (2.6) for [(g5)5
n−1
, a], we obtain
1 = [g5
n
, a] = [g5, g5, g5, g5, g5, a](
5
n−1
5
)[g5, g5, g5, g5, a](
5
n−1
4
)
[g5, g5, g5, a](
5
n−1
3
)[g5, g5, a](
5
n−1
2
)[g5, a]5
n−1
.
Now using Lemma (2.8) of [2], we have [g5, g5, g5, g5, g5, a]5
n−2
= 1.
Moreover, every other term except [g5, a]5
n−1
becomes trivial by (ii).
Hence, [g5, a]5
n−1
= 1.
(v) For [g5, [g5, a]], applying Lemma (2.6) yields
[g5, g5, a]5
n−2
= {[g, g, g, g, g5, a]5[g, g, g, g5, a]10[g, g, g5, a]10[g, g5, a]5}5
n−2
.
Note that every term commutes and hence the power 5n−2 can be dis-
tributed. We have, [g5, a]5
n−1
= 1 by (iv). Now observe that every
term vanishes using Lemma (2.10) of [2].
(vi) By using Lemma (2.6) for [(g5)5
n−1
, a], we obtain
1 = [g5
n
, a] = [[g5, a], [g5, g5, g5, a]](
5
n−1
4
)[[g5, a], [g5, g5, a]](
5
n−1
3
)
[g5, g5, g5, g5, g5, g5, a](
5
n−1
6 )[g5, g5, g5, g5, g5, a](
5
n−1
5 )
[g5, g5, g5, g5, a](
5
n−1
4
)[g5, g5, g5, a](
5
n−1
3
)[g5, g5, a](
5
n−1
2
)[g5, a]5
n−1
.
Note that [g5, g5, a](
5
n−1
2 ) = 1, by (iv). Every other term becomes trivial
by using (v) and then applying Lemma (2.10) of [2].
(vii) Again on applying Lemma (2.6) to [g5, [g5, a]], we have
[g5, g5, g5, a]5
n−2
={[g, g, g, g, g, g5, g5, a][g, g, g, g, g5, g5, a]5
[g, g, g, g5, g5, a]10[g, g, g5, g5, a]10[g, g5, g5, a]5}5
n−2
.
Note that every term commutes and hence the power 5n−2 can be dis-
tributed. We have, [g, g, g, g, g, g5, g5, a]5
n−2
= 1 by applying Lemma
(2.8) of [2]. Furthermore, [g5, a]5
n−1
= 1 by (iv). Now observe that
every term vanishes using Lemma (2.10) of [2].
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Now, using the above Lemma helps us in computing the bounds of certain
commutators which are essential towards obtaining a bound for the exponent
of Schur Multiplier of a 5-group.
Lemma 4.2. Let G be a 5-group of class 8. For g, h ∈ G and c ∈ γ2(G)∩G
5,
(i) If g5
n
∈ Z(G), then [g5, h]5
n−1
= 1.
(ii) If g5
n
∈ Z(G), then [c, g5, h]5
n−1
= 1.
(iii) If g5
n
∈ Z(G) and c5
n−1
= 1, then ([g5, h]c)5
n−1
= 1.
Proof. (i) Set m := 5n−1. Apply Lemma (2.6) to [(g5)5
n
−1, h] as was done
in Lemma (3.2)(i). Observe that every term in the expression, so
obtained, except [g5, h]m becomes trivial by using Lemma (5.3) and
Lemma (2.10) of [2] appropriately. Therefore, we have [g5, h]5
n−1
= 1.
(ii) We have [g5, h] = g5a5, where a = hg. Now, [c, [g5, h]] = [c, g5] g
5
[c, a5].
Thus by applying Lemma (2.5), we have
[c, [g5, h]]5
n−1
= [g
5
[c, a5], [c, g5]](
m
2 )[c, g5]m g
5
[c, a5]m. Using (i), we ob-
tain [c, [g5, h]]5
n−1
= [g
5
[c, a5], [c, g5]](
m
2
). Since, m is a divisor of
(
m
2
)
and
[c, g5]m = 1, applying Lemma 2.10(iv) of [2] yields [c, [g5, h]]5
n−1
= 1.
(iii) Using Lemma (2.5) on ([g5, h]c)5
n−1
yields an expression connecting
([g5, h]c)m with [g5, h]mcm, as in Lemma (3.2) (iv). Note that 5n−1
is a divisor of all the powers. Thus, [c, [g5, h]](
m
2
) = 1 by (ii). Now
since, c ∈ G5, we have c =
∏k
i=1 a
5
i , for some ai ∈ G. For b ∈ γ4(G),
(ii) yields [b, c]5
n−1
=
∏k
i=1
∏i−1
1
a5i [b, a5i ]
5n−1 = 1. Hence, [c, b]5
n−1
=
1. Therefore, every term other than [g5, h]mcm vanishes. Moreover,
[g5, h]mcm becomes trvial by (i) and hence the proof.
Theorem 4.3. Let G be a 5-group of class less than or equal to 7 and expo-
nent 5n. Then exp(G ∧G) | 5 exp(G).
Proof. The proof proceeds by induction on n. Now consider the following
exact sequence,
G5 ∧G→ G ∧G→ G/G5 ∧G/G5 → 1.
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We obtain, exp(G ∧ G) | exp(im(G5 ∧ G)) exp(G/G5 ∧ G/G5). Proceeding
as in the proof of Theorem (3.3) and using Lemma (4.2) instead of Lemma
(3.2) yields exp(im(G5 ∧ G)) | 5n−1. Moreover, when exp(G) = 5, we have
exp(G ∧ G) | 52 by Theorem (6.1) of [2]. Therefore, exp(G ∧ G) | 5 exp(G)
and hence the proof.
5. Towards Schur’s exponent conjecture
For an odd order group of nilpotency class 7, we have the following bound
for the exponent of Schur Multiplier.
Theorem 5.1. Let p be an odd prime and let G be a p-group. If the nilpotency
class of G is 7, then exp(G ∧ G) | p exp(G). In particular, exp(M(G)) |
p exp(G).
Proof. For p ≥ 7, the claim holds by Theorem 3.11 of [2]. Now Theorems
(4.3) and (3.3) complete the proof.
Corollary 5.2. Let G be a 5-group of exponent 5. Then exp(G ∧G) | 25.
Proof. Since G is a 5-group of exponent 5, nilpotency class of G is at most
6. Now applying Theorem (5.1) completes the proof.
Numerous classes where (1) holds and even the Schur’s exponent conjec-
ture remains true appear on applying certain conditions on the exponent of
the quotient of a group by its center. Such conditions also help in improv-
ing the existing bounds on the exponent of Schur Multiplier. We will go
through some of these cases in the following results. The next Lemma aids
in achieving this for certain classes of groups.
Lemma 5.3. Let G be a group with exp(G/Z(G)) = rm, for some integers
r,m . If exp(G) = rmq for some integer q, then exp(Gr
m
∧G) | q.
Proof. For g, h ∈ G and t ∈ Z, the following identity holds,
gtr
m
∧ h = (gr
m
∧ h)t, (8)
by Lemma (2.2). Moreover, note that for any gi, hi ∈ G where i ∈ {1, 2}, we
have [gr
m
1 ∧ h1, g
rm
2 ∧ h2] = ([g
rm
1 , h1] ∧ [g
rm
2 , h2]) = 1. Now taking t = q in
(8), the proof follows.
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The following theorem shows that the Schur’s exponent conjecture holds
true for all groups G such that the exponent of G/Z(G) divides either 2 or
3.
Theorem 5.4. Let G be a group with exp(G/Z(G)) = p. If p ∈ {2, 3}, then
exp(G ∧G) | exp(G). In particular, exp(M(G)) | exp(G).
Proof. Consider the following exact sequence,
Gp ∧G→ G ∧G→ G/Gp ∧G/Gp → 1,
which yields exp(G∧G) | exp(Gp∧G) exp(G/Gp∧G/Gp). From Proposition 7
of [9], we have exp(G/Gp∧G/Gp) | p. Now applying Lemma (5.3) completes
the proof.
The same conclusion regarding the conjecture can be achieved for all
finitely generated groups G such that the exponent of G/Z(G) divides 6 as
shown below.
Theorem 5.5. Let G be a finitely generated group such that exp(G/Z(G)) =
6. Then exp(M(G)) | exp(G).
Proof. Consider the following commutative diagram,
G6 ∧G //
f

G ∧G //

G/G6 ∧G/G6 //

1
1 // G′ ∩G6 // G′ // G′/(G′ ∩G6) // 1.
Now applying Snake Lemma yields,
ker(f)→M(G) →M(G/G6)→ G′ ∩G6/[G,G6]→ 1.
Therefore, we have exp(M(G)) | exp(G6 ∧ G) exp(M(G/G6)). From [8], we
have the exponent of the Schur Multiplier divides that of the group for a
group of exponent 6. Further, using Lemma (5.3) to obtain exp(G6 ∧ G)
completes the proof.
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In [2], the authors obtain a bound for the exponent of the Schur Multiplier
of a nilpotent group in terms of nilpotency class of the group. A further
improvement is also given when the group is a p-group. For a group with
exp(G/Z(G)) < exp(G), we can further improve these bounds as shown in
the following propositions.
Proposition 5.6. Let G be a group of nilpotency class c and exp(G/Z(G)) <
exp(G). If exp(G/Z(G)) = l and n = ⌈log3(
c
2
)⌉, then exp(G∧G) | exp(Z(G))ln.
In particular, exp(M(G)) | exp(Z(G))ln.
Proof. Consider the following exact sequence,
Z(G) ∧G→ G ∧G→ G/Z(G) ∧G/Z(G),
which yields exp(G ∧ G) | exp(Z(G) ∧ G) exp(G/Z(G) ∧ G/Z(G)). From
Lemma (2.2) and noting that Z(G)∧G is abelian, we can conclude exp(Z(G)∧
G) | exp(Z(G)). Further, observing that G/Z(G) has class strictly less than
c and applying Theorem 6.1 of [2] completes the proof.
Using the same strategy as in the above Proposition and using Theorem
6.5 of [2] instead of Theorem 6.1 yields the following Proposition.
Proposition 5.7. Let G be a p-group of nilpotency class c and exp(G/Z(G)) <
exp(G). If exp(G/Z(G)) = l and n = 1 + ⌈logp−1(
c
p+1
)⌉, then exp(G ∧ G) |
exp(Z(G))ln. In particular, exp(M(G)) | exp(Z(G))ln.
The bounds are greatly improved when exp(G/Z(G)) = p, which can be
seen from the following two Corollaries.
Corollary 5.8. Let G be a group of nilpotency class c and exp(G/Z(G)) = p.
If n = ⌈log3(
c
2
)⌉, then exp(G∧G) | exp(Z(G))pn. In particular, exp(M(G)) |
exp(Z(G))pn.
Corollary 5.9. Let G be a p-group of nilpotency class c and exp(G/Z(G)) =
p. If n = 1 + ⌈logp−1(
c
p+1
)⌉, then exp(G ∧ G) | exp(Z(G))pn. In particular,
exp(M(G)) | exp(Z(G))pn.
While using GAP, it was found that most of the p-groups in the Small
Group library has exponent of the centre equals p. This provides a motivation
to bound the exponent of the Schur Multiplier in terms of the exponent of
the centre of the group. The following Lemma tries to achieve this.
We denote by Zn(G) the n
th term in the upper central series of the group G.
We have, Z1(G) = Z(G) and Zi+1(G) = {g ∈ G| ∀ h ∈ H, [g, h] ∈ Zi(G)}.
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Lemma 5.10. Let G be a p group such that exp(Z(G)) = p. If the nilpotency
class of G is at most p+m, then exp(G ∧G) | pm exp(G).
Proof. We proceed by induction on m. When m = 0, the claim clearly holds
by Theorem 3.11 in [2]. Now consider the following exact sequence,
Z(G) ∧G→ G ∧G→ G/Z(G) ∧G/Z(G)→ 1,
which yields exp(G ∧G) | exp(Z(G) ∧G) exp(G/Z(G) ∧G/Z(G)). Now by
Lemma (2.2), we have exp(Z(G) ∧ G) | p. Note that exp(Z(G/Z(G))) | p
and the nilpotency class of G/Z(G) is at most p + m − 1. Now apply-
ing induction hypothesis on G/Z(G), we obtain exp(G/Z(G) ∧ G/Z(G)) |
pm−1 exp(G/Z(G)). Thus exp(G ∧G) | pm exp(G).
Better bounds for the exponent of the Schur Multiplier can be obtained
when the group has an abelian normal subgroup of a certain index. In-
fact whenever the group contains an abelian subgroup of index p, Schur’s
exponent conjecture and (1) holds true for p odd and even respectively . This
has been achieved in the next theorem. Such groups have been classified by
P. Hall in [6] using isoclinism.
Theorem 5.11. Let G be a group having an abelian normal subgroup of
index p. Then, exp(M(G)) | exp(G), if p 6= 2 and exp(M(G)) | 2 exp(G), for
p = 2.
Proof. Consider the following commutative diagram,
N ∧G //
f

G ∧G //

G/N ∧G/N //

1
1 // G′ ∩N // G′ // G′/(G′ ∩N) // 1.
Now applying Snake Lemma yields,
ker(f)→M(G)→M(G/N) → G′ ∩N/[G,N ]→ 1,
which further gives exp(M(G)) | exp(N ∧ G) exp(M(G/N)). Since G/N is
cyclic, M(G/N) is trivial. Applying Lemma 2.5 (ii) and (iii) of [2] gives the
desired result
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The existence of large abelian subgroups in p-groups has been a topic of
great interest (cf. [1]). The next Theorem is a generalization of the previous
one where we show that if the index is small then we obtain good bounds.
Theorem 5.12. Let G be a group having an abelian normal subgroup N of
index pl, where l is at most max {6, pp+1}. Then, exp(G ∧ G) | pl exp(G) ,
when p 6= 2 and exp(G ∧G) | pl+1 exp(G), when p = 2.
Proof. Consider the following exact sequence,
N ∧G→ G ∧G→ G/N ∧G/N,
which yields exp(G∧G) | exp(N ∧G) exp(G/N ∧G/N). From Lemma (2.5)
of [2] , we have exp(N ∧G) | exp(G) when p 6= 2, and exp(N ∧G) | 2 exp(G)
when p = 2. Furthermore, G/N being of class at most max{5, p}, we obtain
exp(G/N ∧ G/N) | pl from Theorems (3.11) and (4.6) of [2]. Hence the
proof.
When the group is solvable of exponent p, we can obtain a better bound
for the exponent of the exterior square compared to the one obtained in
Theorem 7.3 of [2]. The next lemma appears as Proposition 2.12 in [8]. Here
we give a different proof of the same result.
Lemma 5.13. Let G be a metabelian group of exponent p. Then exp(G∧G) |
exp(G).
Proof. The group G is of class at most p by Theorem 7.18 of [11]. Therefore,
exp(G∧G) | exp(G) by Theorem 3.11 of [2] when p is odd, and by Proposition
7 of [9] when p = 2.
Theorem 5.14. Let G be a solvable group of exponent p and derived length
d. If p is odd, then exp(G ∧ G) | exp(G)d−1. Otherwise exp(G ∧ G) |
2d−2 exp(G)d−1.
Proof. We proceed by induction on d. When d = 2, we have exp(G ∧ G) |
exp(G) by the above Lemma. Consider the following exact sequence,
G(d−1) ∧G→ G ∧G→ G/Gd−1 ∧G/Gd−1,
which yields exp(G∧G) | exp(Gd−1∧G) exp(G/Gd−1 ∧G/Gd−1). Now Gd−1
being abelian, by Lemma 2.5 of [2], we have exp(Gd−1∧G) | exp(Gd−1) when
p is odd and exp(Gd−1 ∧G) | 2 exp(Gd−1) for p = 2. Furthermore, induction
hypothesis yields exp(G/Gd−1 ∧ G/Gd−1) | exp(G)d−2, when p is odd, and
exp(G/Gd−1 ∧G/Gd−1) | 2d−3 exp(G)d−2, for p = 2. Hence the proof.
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